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Abstract
In this article, we compute all possible degrees of maps between S3-
bundles over S5. It also provides a correction of an article by Lafont and
Neofytidis [6].
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1 The main result
For two n-dimensional closed manifold M and N , let D(M,N) be the set of
degrees of maps from M to N , i.e.
D(M,N) = {deg f |f : M → N}.
Set D(M) = D(M,M) for short.
The set of mapping degrees has been studied by many authors, for both
lower dimensional and higher dimensional manifolds, cf. [1, 2, 9] etc. Unlike the
complicated situation for lower dimensional manifolds, homotopy theory seems
to be a powerful tool in the higher dimensional case.
In this article, the main objects concerned are S3-bundles over S5. Recall
that isomorphism classes of 4-dimensional vector bundles over S5 are one-to-
one correspondence with elements in π4(SO(4)). Using the canonical diffeomor-
phism SO(4) ∼= S3×SO(3), we have π4(SO(4)) ∼= π4(S
3)⊕π4(SO(3)) ∼= Z2⊕Z2.
Under this correspondence, denote the total spaces of those associated sphere
bundles asMi,j (i = 0, 1). Obviously,M0,0 ∼= S
3×S5,M1,0 ∼= SU(3). Moreover,
we have:
Lemma 1.1 ([4, 5]). 1. S3 × S5, M0,1 and SU(3) are not homotopy equiv-
alent to each other.
2. M1,1 ≃ SU(3).
Therefore, we only need to consider three objects: S3×S5, M0,1 and SU(3).
The main result is the following:
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Theorem 1.2. Let M,N ∈ {S3 × S5,M0,1, SU(3)} and M 6= N , then
1. D(M) =
{
Z, if M = S3 × S5,M0,1
4Z ∪ {2k + 1|k ∈ Z}, if M = SU(3).
2. D(M,N) =
{
4Z, if M = SU(3)
2Z, otherwise.
Remark 1. The motivation comes from the work of Lafont and Neofytidis [6].
They considered mapping degrees among principal SU(2)-bundles over S5. Note
that SU(2) ∼= S3. One aim of their article is to correct Pu¨tmann’s result of
D(SU(3)) [8]. However, their result about D(SU(3), S3×S5) is wrong. The rea-
son is that the image of their map g does not lie in SU(3). For example, choose
A =

0 0 11 0 0
0 1 0

 ∈ SU(3), then g(A) =

0 0 00 0 −1
0 0 0

 /∈ SU(3). It also leads to
a wrong proof of their result on D(SU(3)), which relies on D(SU(3), S3 × S5)
in their article, although the final result is miraculously correct.
Remark 2. In fact, any simply connected 8-manifold with homology isomorphic
to that of S3 × S5 is homotopy equivalent to either S3 × S5, M0,1 or SU(3). It
will be proved in a coming paper of the author. Therefore we actually obtained
the set of mapping degrees among a larger class of manifolds.
2 The proof
We’ll analysis the homotopy sets between these manifolds. First recall some
basic results for homotopy groups of spheres. Let ιn ∈ πn(S
n) be represented
by the identity map of Sn, η2 ∈ π3(S
2) and ν4 ∈ π7(S
4) be represented by Hopf
maps, ηn = Σ
n−2η2 ∈ πn+1(S
n).
Lemma 2.1 ([11, 12]). 1. πn+1(S
n) ∼=
{
Z{η2}, if n = 2
Z2{ηn}, if n ≥ 3,
2. πn+2(S
n) ∼= Z2{ηnηn+1} for n ≥ 2;
3. π6(S
3) ∼= Z12{a3},
π7(S
4) ∼= Z{ν4} ⊕ Z12{a4}, a4 = Σa3, [ι4, ι4] = 2ν4 ± a4;
4. π7(S
3) ∼= Z2{a3η6},
π8(S
4) ∼= Z2{ν4η7} ⊕ Z2{a4η7}.
Next write down the cell structures.
Lemma 2.2 (cf. [4, 7]). 1. S3 × S5 ≃ (S3 ∨ S5) ∪[ι3,ι5] D
8;
2. M0,1 ≃ (S
3 ∨ S5) ∪[ι3,ι5]+a3η6 D
8;
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3. SU(3) ≃ S3 ∪η3 D
5 ∪ξ D
8, where ξ generates π7(S
3 ∪η3 D
5) ∼= Z.
Note that in this article, obvious inclusion maps are always omitted.
In the following, for M ∈ {S3 × S5,M0,1, SU(3)}, choose e
M
3 and e
M
5 to
be generators of H3(M) ∼= Z and H5(M) ∼= Z, such that eM3 e
M
5 equals to the
orientation cohomology class ωM of M .
Proof of theorem 1.2. (1) D(S3 × S5) = Z is obvious.
(2) D(S3 × S5,M0,1) = 2Z.
Consider the Puppe sequence induced by the cofiber sequence S7
[ι3,ι5]
−−−−→
S3 ∨ S5 → S3 × S5:
[S3 × S5,M0,1]→ [S
3 ∨ S5,M0,1]
[ι3,ι5]
∗
−−−−→ [S7,M0,1]
[S3∨S5,M0,1] ∼= [S
3,M0,1]×[S
5,M0,1] ∼= Z{ι3}⊕Z2{η3η4}⊕Z{ι5}. An element
can be lifted to [S3 × S5,M0,1] if and only if it maps to 0 under [ι3, ι5]
∗. We
have
[ι3, ι5]
∗(kι3 + ǫη3η4 + lι5) = (kι3 + ǫη3η4 + lι5)[ι3, ι5]
= [kι3, ǫη3η4 + lι5]
= kl[ι3, ι5] + kǫ[ι3, η3η4]
= kla3η6
In the last step, [ι3, ι5] = a3η6 in M0,1 and [ι3, η3η4] = 0 as S
3 is a Lie group [13,
Corollary X.7.8]. Since a3η6 is of order 2, [ι3, ι5]
∗(kι3 + ǫη3η4 + lι5) = 0 if and
only if kl is even. Notice that kl is just the degree of the lifted map. Therefore
the set of degrees coincides with all even numbers.
(3) D(S3 × S5, SU(3)) = 2Z.
Consider the Puppe sequence induced by the cofiber sequence S7
[ι3,ι5]
−−−−→
S3 ∨ S5 → S3 × S5:
[S3 × S5, SU(3)]→ [S3 ∨ S5, SU(3)]
[ι3,ι5]
∗
−−−−→ [S7, SU(3)]
By the cell structure of SU(3), π7(SU(3)) = 0. Therefore, all elements in
[S3∨S5, SU(3)] can be lifted to [S3×S5, SU(3)]. [S3∨S5, SU(3)] ∼= [S3, SU(3)]×
[S5, SU(3)] ∼= Z{α} ⊕ Z{β}. Suppose (kα, lβ) lifts to a map fk,l : S
3 × S5 →
SU(3). Then we have
f∗k,lωSU(3) = f
∗
k,l(e
SU(3)
3 e
SU(3)
5 ) = f
∗
k,le
SU(3)
3 f
∗
k,le
SU(3)
5
It is clear that the value of f∗k,le
SU(3)
3 and f
∗
k,le
SU(3)
5 correspond to the image of
kα and lβ under the Hurwicz maps. By Hurewicz theorem, h3 : π3(SU(3)) →
3
H3(SU(3)) is an isomorphism. To compute h5 : π5(SU(3)) → H5(SU(3)), use
the fiber bundle S3 → SU(3)
p
−→ S5:
π5(SU(3)) π5(S
5) π4(S
3) π4(SU(3)) = 0
H5(SU(3)) H5(S
5)
p∗
h5 h5∼=
p∗
∼=
The bottom isomorphism follows easily by the Gysin sequence. Therefore h5 :
π5(SU(3))→ H5(SU(3)) is a multiplication by ±2 as π4(S
3) ∼= Z2. With those
generators suitably chosen, we may assume the sign is +. Hence
f∗k,lωSU(3) = f
∗
k,le
SU(3)
3 f
∗
k,le
SU(3)
5 = 2kle
S3×S5
3 e
S3×S5
5 = 2klωS3×S5
which means that the set of degrees is just all even numbers.
(4) D(M0,1, S
3 × S5) = 2Z.
Consider the cofiber sequence S7
[ι3,ι5]+a3η6
−−−−−−−−→ S3 ∨ S5 → M0,1. We have an
exact sequence
[M0,1, S
3 × S5]→ [S3 ∨ S5, S3 × S5]
([ι3,ι5]+a3η6)
∗
−−−−−−−−−→ [S7, S3 × S5]
[S3 ∨ S5, S3 × S5] ∼= [S3, S3 × S5]× [S5, S3 × S5] ∼= Z{ι3} ⊕ Z2{η3η4} ⊕ Z{ι5}.
([ι3, ι5] + a3η6)
∗(kι3 + ǫη3η4 + lι5) = (kι3 + ǫη3η4 + lι5)([ι3, ι5] + a3η6)
= [kι3, ǫη3η4 + lι5] + ka3η6
= kl[ι3, ι5] + kǫ[ι3, η3η4] + ka3η6
= ka3η6
In the last step, note that [ι3, ι5] = 0 in S
3 × S5. Since ka3η6 = 0 if and only if
k is even, the possible degrees kl are chosen from all even numbers.
(5) D(M0,1,M0,1) = Z.
Consider the cofiber sequence S7
[ι3,ι5]+a3η6
−−−−−−−−→ S3 ∨ S5 →M0,1. The we have
an exact sequence:
[M0,1,M0,1]→ [S
3 ∨ S5,M0,1]
([ι3,ι5]+a3η6)
∗
−−−−−−−−−→ [S7,M0,1]
([ι3, ι5] + a3η6)
∗(kι3 + ǫη3η4 + lι5) = (kι3 + ǫη3η4 + lι5)([ι3, ι5] + a3η6)
= [kι3, ǫη3η4 + lι5] + ka3η6
= k(l + 1)a3η6
which equals to 0 if and only if k(l + 1) is even. Thus we can choose l = 1 and
k arbitrary to make the mapping degree kl realize all integers.
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(6) D(M0,1, SU(3)) = 2Z.
The proof is the same as (3) except that S3 × S5 is changed to M0,1.
(7) D(SU(3), S3 × S5) = 4Z.
We have [SU(3), S3× S5] = [SU(3), S3]× [SU(3), S5]. For [SU(3), S3], first
consider the Puppe sequence induced by the cofiber sequence S4
η3
−→ S3
i
−→
S3 ∪η3 D
5:
[S4, S3]
η∗
4−→ [S5, S3]→ [S3 ∪η3 D
5, S3]
i∗
−→ [S3, S3]
η∗
3−→ [S4, S3]
It is clear that η∗4 is an isomorphism and η
∗
3 is surjective. Therefore [S
3 ∪η3
D5, S3]
i∗
−→
∼=
2[S3, S3]. Suppose fk ∈ [S
3∪η3 D
5, S3] maps to 2kι3 under i
∗. Then
consider the Puppe sequence induced by the cofiber sequence S7
ξ
−→ S3∪η3D
5 →
SU(3):
[SU(3), S3]→ [S3 ∪η3 D
5, S3]
ξ∗
−→ [S7, S3]
We want to know that for which k, ξ∗fk = fkξ = 0. Notice that the suspension
map Σ : π7(S
3)→ π8(S
4) is injective. Hence fkξ = 0 is equivalent to Σ(fkξ) =
0.
Σ(fkξ) = ΣfkΣξ
= (Σfk)ν4η7 (Σξ = ν4η7 [7])
= Σ(fki)ν4η7
= (2kι4)ν4η7
= (2kν4 + k(2k − 1)[ι4, ι4])η7 by Hilton’s formula [3]
= (2kν4 + k(2k − 1)(2ν4 ± a4))η7
= ka4η7
Therefore, Σ(fkξ) = 0 if and only if k is even, which implies that the possible
mapping degrees are all divisible by 4. Let p be the bundle projection SU(3)→
S5, then p∗ : H5(SU(3))→ H5(S
5) is an isomorphism. Therefore, the degree of
fk × p : SU(3)→ S
3 × S5 is 4k, and our result follows.
(8) D(SU(3),M0,1) = 4Z.
It’s not as straight as the other cases. We’ll use the following observation.
Lemma 2.3 ([10]). Let M,N be two closed n-manifolds and M,N be obtained
by deleting an embedded Dn in M,N respectively. Then k ∈ D(M,N) if and
only if there exists f : M → N such that the following diagram commutes up to
homotopy:
Sn−1 M
Sn−1 N
iM
kιn−1 f
iN
Here iM , iN denotes the inclusion of S
n−1 to the boundary of M,N respectively.
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Consider the Puppe sequence induced by the cofiber sequence S4
η3
−→ S3
i
−→
S3 ∪η3 D
5:
[S3 ∪η3 D
5,M0,1]
i∗
−→ [S3,M0,1]
η∗
3−→ [S4,M0,1]
It is clear that η3 : π3(M0,1) ∼= Z{ι3} → π4(M0,1) ∼= Z2{η3} is surjective.
Therefore, for any map f : S3 ∪η3 D
5 → M0,1, if f∗ : H3(S
3 ∪η3 D
5) ∼= Z →
H3(M0,1) ∼= Z is a multiplication by k, then k must be divisible by 2. It indicates
that all possible mapping degrees from SU(3) to M0,1 must be divisible by 2.
Now observe that the following two diagrams are equivalent, as ([ι3, ι5] +
a3η6)(2kι7) = [ι3, ι5](2kι7):
S7 S3 ∪η3 D
5
S7 S3 ∨ S5
ξ
2kι7 f
[ι3,ι5]
S7 S3 ∪η3 D
5
S7 S3 ∨ S5
ξ
2kι7 f
[ι3,ι5]+a3η6
Therefore, combining lemma 2.3 and (7), the result follows.
(9) D(SU(3)) = 4Z ∪ {2k + 1|k ∈ Z}.
As seen in (3), all maps S3∪η3D
5 → SU(3) extends to SU(3)→ SU(3) since
π7(SU(3)) = 0. Consider the Puppe sequence induced by the cofiber sequence
S4
η3
−→ S3
i
−→ S3 ∪η3 D
5:
0 = [S4, SU(3)]→ [S5, SU(3)]
q∗
−→
[S3 ∪η3 D
5, SU(3)]
i∗
−→ [S3, SU(3)]→ [S4, SU(3)] = 0
Here q : S3 ∪η3 D
5 → S5 is the quotient map. Since π3(SU(3)) ∼= π5(SU(3)) ∼=
Z and [S3 ∪η3 D
5, SU(3)] is abelian, we have [S3 ∪η3 D
5, SU(3)] ∼= Z{α} ⊕
Z{β}, where α is the inclusion of 5-skeleton of SU(3) and β is the generator of
π5(SU(3)) composed with q. Obviously,
α∗ : H3(SU(3))
∼=
−→ H3(S3 ∪η3 D
5), H5(SU(3))
∼=
−→ H5(S3 ∪η3 D
5)
β∗ : H3(SU(3))
0
−→ H3(S3 ∪η3 D
5), H5(SU(3))
×2
−−→ H5(S3 ∪η3 D
5)
Therefore,
(kα+ lβ)∗ : H3(SU(3))
×k
−−→ H3(S3 ∪η3 D
5)
(kα+ lβ)∗ : H5(SU(3))
×(k+2l)
−−−−−→ H5(S3 ∪η3 D
5)
Extend kα + lβ to fk,l : SU(3) → SU(3), then deg fk,l = k(k + 2l). We can
realize all odd numbers by choosing k = 1 and l arbitrary. Notice that if deg fk,l
is even, k must be even. Let k = 2k′, then deg fk,l = 4k
′(k′+l), which is divisible
by 4. Hence we can choose k′ arbitrary and l = 1− k′ to realize 4Z.
6
Acknowledgment
The author would like to thank Prof. Haibao Duan for recommending this topic.
References
[1] Haibao Duan and Shicheng Wang. The degrees of maps between manifolds.
Math. Z., 244(1):67–89, 2003.
[2] D. Gonsalves, P. Vong, and S. Chzhao. Mapping degrees between spherical
3-manifolds. Mat. Sb., 208(10):34–58, 2017.
[3] P. J. Hilton. On the homotopy groups of the union of spheres. J. London
Math. Soc., 30:154–172, 1955.
[4] I. M. James and J. H. C. Whitehead. The homotopy theory of sphere
bundles over spheres. I. Proc. London Math. Soc. (3), 4:196–218, 1954.
[5] I. M. James and J. H. C. Whitehead. The homotopy theory of sphere
bundles over spheres. II. Proc. London Math. Soc. (3), 5:148–166, 1955.
[6] J.-F. Lafont and C. Neofytidis. Sets of degrees of maps between SU(2)-
bundles over the 5-sphere. ArXiv e-prints, October 2017. To appear in
Transformation Groups.
[7] Juno Mukai. The S1-transfer map and homotopy groups of suspended
complex projective spaces. Math. J. Okayama Univ., 24(2):179–200, 1982.
[8] Thomas Pu¨ttmann. Cohomogeneity one manifolds and self-maps of non-
trivial degree. Transform. Groups, 14(1):225–247, 2009.
[9] Hongbin Sun, Shicheng Wang, and Jianchun Wu. Self-mapping degrees
of torus bundles and torus semi-bundles. Osaka J. Math., 47(1):131–155,
2010.
[10] Liang Tan. On mapping degrees between 1-connected 5-manifolds. Sci.
China Ser. A, 49(12):1855–1863, 2006.
[11] Hirosi Toda. Generalized Whitehead products and homotopy groups of
spheres. J. Inst. Polytech. Osaka City Univ. Ser. A. Math., 3:43–82, 1952.
[12] Hirosi Toda. Composition methods in homotopy groups of spheres. Annals
of Mathematics Studies, No. 49. Princeton University Press, Princeton,
N.J., 1962.
[13] George W. Whitehead. Elements of homotopy theory, volume 61 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York-Berlin, 1978.
7
